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ABSTRACT

The focus of this work is the comparative analysis of techniques for constructing multivariate probability density function (Mv-pdf) models 
that can be used in a variety of geomathematics applications. The paper is concerned with formal and substantive model building methods. 
The former includes models that are speculative and analytically tractable, whereas the latter is based on substantive knowledge synthesis. 
More specifically, the present work focuses on the factoras and copulas techniques of Mv-pdf building, and their comparative analysis. It 
also discusses a substantive Mv-pdf building method that generates models on the basis of natural knowledge bases and takes into ac-
count the contentual and contextual domain of the in situ situation. The methods are compared in terms of a simulation study.
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VERSIÓN ABREVIADA EN CASTELLANO

Perspectiva metodológica 

Un campo aleatorio espacio-temporal (s/trf) X p , p = (s, t)  , representando la evolución de un atributo natural, queda completamente carac-
terizado en términos de la función de densidad de probabilidad multivariante (Mv-fdp), fX ;p = fX ;{ pi } (Christakos, 1992). En este trabajo se 
discuten las técnicas basadas en fáctoras, cópulas y síntesis de conocimiento para la construcción de modelos de Mv-fdp’s. Fáctoras y 
cópulas comparten la idea de expresar la Mv-fdp desconocida en términos de alguna función mejor conocida, la fáctora o la cópula, y las 
correspondientes fdp’s univariantes (Uv-fdp’s), que se suponen conocidas. Un enfoque diferente se basa en la síntesis sustantiva de bases 
de conocimiento núcleo e in situ (Christakos, 1990, 2000), donde el modelo Mv-fdp emerge de la solución de un sistema de ecuaciones 
involucrando varios puntos del espacio-tiempo. 

Métodos basados en fáctoras y cópulas

Bajo condiciones generales, una Mv-fdp,  fX ;p, puede expresarse en términos de sus Uv-fdp’s  fX ;pi y una función multivariante de χ pi
 ( i = 1,...,k) .  

El hecho de que una Uv-fdp (supongamos, Gaussiana) pueda estar relacionada con una Mv-fdp de una clase diferente (i.e., no Gaussiana) 
puede causar serios problemas en muchas aplicaciones in situ. La cuestión crítica es cómo extender las Uv-fdp’s que puedan estar dispo-
nibles en la práctica a una Mv-fdp que se ajuste al atributo geológico de interés. 

La clase de s/trf factorizables (de orden k) se define como sigue (Christakos, 1986, 1989): Sea θ(χp), χ p = (χ p1
,...,χ pk

) , una función multi-
variante de L2(Rk, fX ;pii=1

k∏ ) con rk = dχ p fX ;pii=1
k∏ θ 2(χp)∫ <∞   y 

fX ;p = f (χ p1
,...,χ pk

) = [ fX ;pii=1
k∏ ]θ( χ p). (1)

Construcción de fdp’s espacio-temporales en geociencias

RESUMEN

El objetivo de este trabajo es realizar un análisis comparativo de técnicas para la construcción de modelos de función de densidad de pro-
babilidad multivariante (Mv-fdp) que pueden utilizarse en una variedad de aplicaciones geomatemáticas. El interés del artículo se centra 
en métodos formales y sustantivos para el desarrollo de modelos. Los primeros incluyen modelos que son especulativos y analíticamente 
tratables, mientras que los últimos se basan en la síntesis de conocimiento sustantivo. Más concretamente, el presente trabajo se enfoca 
a las técnicas basadas en fáctoras y cópulas para la construcción de Mv-fdp’s, y su análisis comparativo. Se discute asimismo un método 
de construcción de Mv-fdp’s sustantivo que genera modelos a partir de bases de conocimiento natural y tiene en cuenta el dominio con-
ceptual y contextual de la situación in situ. Los métodos se comparan en términos de un estudio de simulación.
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Sean ϖji (χpi) conjuntos completos de polinomios de grado ji = 0,1,… en L2 (R1, fX ; pi), ortonormales con respecto a fX ; pi. Se puede escribir 
la función fáctora como 

θ(χ p) = [ ]j i =0
∞∑i=1

k∏ (θ j1 ...jk
ϖi=1

k∏ j i
(χ pi

)) =θX ;{ pi } , (2)

donde los coeficientes  θ j1 ...jk
 satisfacen la relación de completitud [ ]θ j1 ...jk

2
j i =0
∞∑i=1

k∏ = rk . . Por consiguiente, la Mv-fdp (1) se reduce a la des-
composición (Christakos, 1986; 1992)

fX ;p = [ fX ;pii=1
k∏ ]θX ;{ pi } , (3)

donde las fáctoras (θX ;p =θX ;{ pi }) expresan interacciones entre funciones univariantes de  χpi
. 

Una forma de determinar las  θX ;p1 ,p2
 es en términos de la Ec. (2). En el caso bivariante, la Ec. (3) puede simplificarse a

fX ;p1 ,p2
= fX ;p1

fX ;p2
θ jj=0

∞∑ ϖ j (χ p1
)ϖ j (χ p2

) , (4)

para todo p1, p2. En este caso,  θX ;p1 ,p2
= θ jj=0

∞∑ ϖ j (χ p1
)ϖ j (χ p2

).
Un paso clave en la Ec. (4) es calcular ϖj que sean ortogonales con respecto a una Uv-fdp. Esxisten varios métodos con este fin, donde 

los ϖj  incluyen polinomios de Hermite, Laguerre, Laguerre Generalizados, Legendre, Gegenbauer, Jacobi y Stieltjes-Wigert.
Si Xp es un s/trf factorizable, y φ(.) una function estrictamente monótona, entonces el campo aleatorio  Z p = φ(X p) es también factoriza-

ble. Entre otras propiedades, las fáctoras generan estimadores de sistemas no lineales que pueden ser superiores a los del filtro de Kalman 
(Christakos. 1989, 1992). 

En general, cualquier Mv-fdp continua puede escribirse en términos de la así llamada función cópula multivariante (Sklar, 1959; Genest 
y Rivest, 1993; Nelsen, 1999), 

 FX ;{ pi } =CX (FX ;p1
,...,FX ;pk

) = PX [FX ;p1
≤ υ p1

,...,FX ;pk
≤ υ pk

] =CX ;{ pi }(υ p1
,...,υ pk

) (5)

donde  FX ; pi
 son distribuciones de probabilidad condicionada univariantes (Uv-fdc’s), y  υ pi

 son realizaciones de campos aleatorios unifor-
memente distribuidos  U pi

= FX ; pi

−1 ~ U(0,1), i = 1,…,k. Cualquier Mv-fdc con soporte en [0,1]k y marginales uniformes ha sido llamada una 
cópula (Mikosch, 2006a). La correspondiente densidad de cópula  ς X ;{ pi } se define por  ςX ;{ pi }dυ = dCX ;{ pi }. La  fX ,p puede reformularse en 
términos de sus Uv-fdp’s y la densidad de cópula multivariante como

fX ;p = fX ;{ pi } = [ fX ;pii=1
k∏ ]ςX ;{ pi }. (6)

De nuevo,  ς X ;{ pi } expresa una cierta forma de interacción entre Uv-fdp’s. 
Bajo ciertas condiciones, la cópulas proporcionan descripciones paramétricas útiles de Mv-fdp’s no Gaussianas (Scholzel y Friederichs, 

2008). La cópulas son invariantes en escala en el sentido de que la cópula de  Z p = φ(X p) es igual a la cópula de Xp si φ(.) es una función 
estrictamente monótona. No existe un planteamiento general para construir la cópula más apropiada para un atributo, mientras que la 
elección de una familia de cópulas para un problema in situ a menudo se basa no en un razonamiento sustantivo, sino en mera convenien-
cia matemática (Mikosch, 2006a y b). Además, las cópulas no resuelven satisfactoriamente el problema de la dimensionalidad (Scholzel y 
Friederichs, 2008). Con relación a cuestiones interpretativas, hay muchos atributos que no son continuo-valuados, lo que significa que el 
teorema de la transformada integral (del que depende la tecnología de cópulas) no puede implementarse. Por su definición, las cópulas 
fracasan en estructuras dependientes del tiempo.

Cópulas pueden relacionarse directamente con fáctoras. Suponiendo, por ejemplo, un s/trf con Bv-fdc absolutamente continua  FX ;p1 ,p2
 

y la correspondiente Bv-fdp  fX ;p1 ,p2
= fX ;p1

fX ;p2
θ(χ p1

,χ p2
), se tiene que  θ(FX ;p1

−1 (υ p1
),FX ;p2

−1 (υ p2
)) es también una Bv-fdp en [0,1]2 con Uv-fdp’s uni-

formes, i.e. una función cópula bivariante. Esto puede extenderse para una Bv-fdc  FZ ;p1 ,p2
 con marginales arbitrarias  FZ ;p1  y  FZ ;p2

, mediante 
la transformación en términos de una función estrictamente monótona adecuada φ(⋅) , )(

ii pp χφζ = . 

Construcción sustantiva-el método BME 

Las consecuencias de usar una fdp errónea en situaciones reales pueden ser severas. El propósito de la modelización sustantiva es incor-
porar en la derivación de la fdp tanto conocimiento físico como sea posible (Christakos, 1992, 2010). Christakos (1990, 2000) presentó un 
marco de síntesis de conocimiento general para construir Mv-pdf’s de manera que incorpora la base de conocimiento general o núcleo, 
G-KB (consistente en leyes naturales, modelos teóricos, teorías científicas, relaciones empíricas), y la de conocimiento especificatorio, 
S-KB (conocimiento específico de lugar como datos duros, información incierta, fuentes secundarias), de la situación in situ. Un enfoque 
bien conocido de síntesis de conocimiento para construir Mv-fdp’s es el de Entropía Máxima Bayesiana (BME). La S-KB está disponible en 
pD = (pH , pS ), donde pH : pi ( i =1, 2,..., mH) y pS pi  ( i = mH +1,: ...,m) son los conjuntos de puntos en que se dispone de mediciones duras (exac-
tas) y datos blandos (inciertos), respectivamente;  pG = (pD, pk ) es el conjunto de puntos en que está disponible la G-KB; y pk = (pk1

, ..., pkρ)  
es el conjunto de puntos de la Mv-fdp, i.e., 

L2(Rk, fX ;pii=1
k∏ ), (7)

donde A es un parámetro de normalización; gG es un vector cuyos elementos representan la G-KB; mG es un vector espacio-temporal cuyos 
elementos asignan pesos apropiados a los elementos de gG y son las soluciones del sistema de ecuaciones 

dχG∫ (gG − gG )eµG gG
T

= 0 , (8)
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Methodological Perspective 

Many natural attributes (geological, mining, ecological, 
and environmental) vary across space-time following a 
law of change (Shvidler, 1965; Olea, 1999; Douaik et al., 
2004; Parkin et al., 2005). Let Xp, p = (s,t), denote a spa-
tiotemporal random field (s/trf) that represents such a 
natural attribute. The s/trf is fully characterized in terms 
of the multivariate probability density function (Mv-

pdf), fX ;p = fX ;{ pi } (Christakos, 1992). This work discusses 
three distinct techniques for building Mv-pdf models 
of an s/trf Xp , namely factoras, copulas and knowledge 
synthesis. While the methodological perspective under-
lying factoras and copulas is essentially the same, that 
underlying knowledge synthesis is different. More spe-
cifically, in the case of factoras and copulas the main 
idea is to express an unknown function, the Mv-pdf, in 

y ξs representa la S-KB disponible. La Ec. (7) introduce un proceso de integración de S con G de una manera física y lógicamente consis-
tente. 

Estudios de simulación

Dentro de un dominio espacio × tiempo de tamaño [0,1]2 × 3, considerar un atributo geológico homogéneo Xp, p = (s, t), donde s = (s1, s2), 
con media constante X p = 5 y función de covarianza espacio-temporal separable  cX (r, t) = c0e

−3r / ar e−3t 2 / at
2

 con [c0, ar, at] = [1, 0.5, 1]. Se conside-
ran diez datos blandos (inciertos) de atributo, localizados como se muestra en la Fig. 1, y siguiendo distribuciones Gamma con diferentes 
parámetros, ver Fig. 2. Los tres métodos bajo discusión se usan para estimar la fdp del atributo en la localización espacio-temporal no 
observada (0.4, 0.5, 2), ver Fig. 1. El método de krigeado ordinario convencional (KO; Olea, 1999), suponiendo datos blandos “endurecidos” 
(i.e., el valor medio del dato blando se usa en cada localización), se aplica también para comparación. 

Estimación basada en fáctoras 

Basándose en la suposición de Gaussianidad de las distribuciones univariantes, los  jϖ  son polinomios de Hermite normalizados de grado j. 
Como se ha discutido antes, φ es una transformación monótona creciente tal que )( pp XZ φ= , donde )(1

pZ−φ  es una Gaussiana estándar. 

Estimación basada en cópulas

Puesto que el campo aleatorio subyacente viene caracterizado por su matriz de covarianza R, la correspondiente cópula es Gaussiana. La 
estimación espacio-temporal de la fdp marginal en una localización desconocida Pk puede llevarse a cabo en términos de la técnica de 
krigeado indicador (Kazianka y Pilz, 2010a). 

Estimación basada en BME

En este estudio de simulación, la función de covarianza espacio-temporal separable forma parte de la G-KB, en cuyo caso la fdp basada en 
G es Gaussiana. La S-KB incluye los tres datos inciertos con distribución Gamma. El método BME se utiliza para actualizar la fdp a poste-
riori en cualquier localización del dominio de estudio. 

Discusión

Las diferentes fdp’s en Pk  calculadas usando los cuatro métodos se muestran en la Fig. 3, y en la Tabla 1 se listan estadísticas resumen de 
las simulaciones. La fdp en el punto de estimación obtenida por el análisis mediante fáctoras (combinado con krigeado indicador) tiene la 
menor desviación estándar. Sin embargo, se obtienen valores de fdp negativos (Fig. 3). Por consiguiente, las estadísticas de estimación 
(basadas en una pseudo-fdp) deberían interpretarse con cautela. 

Las medias de estimación espacio-temporal obtenidas por los métodos de cópula y BME son similares (Tabla 1). Puesto que dan cuenta 
de información blanda (incierta), las estimaciones basadas en cópulas y BME experimentan mayor incertidumbre que la estimación KO. El 
análisis BME proporciona una estimación espacio-temporal más informativa que el método de cópulas, en términos de menores desvia-
ciones estándar. Adicionalmente, el marco operativo Bayesiano del análisis BME genera una fdp realista en el punto de estimación.

Conclusiones

Este trabajo ha presentado tres métodos espacio-temporales diferentes, a saber fáctoras, cópulas y BME, para representar realidades in 
situ encontradas en muchas aplicaciones geocientíficas (información incierta no Gaussiana, estimación no lineal y dominio compuesto 
espacio-temporal). 

Mientras que las fáctoras involucran series infinitas que han de ser truncadas, muchas cópulas están disponibles en forma cerrada. Esto 
ocurre al coste de algunas suposiciones restrictivas, tales como baja dimensionalidad, marginales uniformes y la aplicabilidad del teorema 
de la transformada integral. Las fáctoras permiten derivar clases más ricas de fdp’s aprovechando la φ-propiedad y fórmulas de generaliza-
ción. La forma functional de θX ;{ pi } se da explícitamente en términos de polinomios conocidos, mientras que la forma explícita de ςX ;{ pi } 
es generalmente desconocida y ha de derivarse cada vez. Las simulaciones numéricas muestran que los modelos de fdp generados por 
los tres métodos difieren uno de otro. Entre otras razones, los tres métodos incorporan las KBs disponibles de manera diferente. La forma 
de los estimadores subyacentes también difiere entre ellos. 
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terms of a (hopefully) better-known function (the factora 
or the copula) and the corresponding univariate pdf’s 
(Uv-pdf’s) that are assumed known. The factora concept 
can be traced in the Gaussian tetrachoric series expan-
sion of Pearson (1901); whereas the copula technology 
has its origins in the multivariate probability analysis 
of Sklar (1959). Although factora is apparently an older 
concept than copula, both concepts share some com-
mon features. Another approach of Mv-pdf model build-
ing, which is very different than the factora and copula 
methods, is based on the substantive synthesis of core 
and in situ knowledge bases (Christakos, 1990, 2000). 
The Mv-pdf model emerges from the solution of a set 
of equations that involve various space-time points. The 
three methods above can be used in various fields of 
geosciences (e.g., rainfall assessment, watersheds, soil 
contamination, mining and climate). 

Factora Mv-PDF Modelling

Under certain general conditions in theory, an Mv-
pdf, fX ;p, can be expressed in terms of its Uv-pdf fX ;pi

 
and a multivariate function of χ pi

 ( i =1,...,k) . A com-
mon feature of an Mv-pdf (e.g., Gaussian, lognormal, 
or gamma) is that the corresponding Uv-pdf’s are all 
of the same kind (i.e., Gaussian, lognormal, or gam-
ma, respectively). The inverse, however, is often not 
true. I.e., a Uv-pdf (say, Gaussian) may be associated 
with an Mv-pdf of a different kind (i.e., non-Gaussian). 
These aspects can cause serious problems in many in 
situ applications in which one deals with non-Gaussian 
geological attributes, Xp, that have different kinds of 

Uv-pdf  fX ,pi
 fX ,pi  (e.g., the  fX ;p1 ,p2

 is non-Gaussian, whereas 

the fX ;p1 is Gaussian and the  fX ;p2
 is gamma). In such 

cases, the critical question is how to extend the Uv-
pdf’s that may be available in practice to an Mv-pdf 
that fits the geological attribute of interest. This kind of 
problems constitutes a prime reason for the develop-
ment of the factora and copula representations, which 
build Mv-pdf’s starting from the Uv-pdf’s.

Pearson’s original insight (Pearson, 1901) can 
be extended in a non-Gaussian random field con-
text, leading to the class of factorable s/trf as follows 
(Christakos, 1986, 1989): Let θ(χp), χ p = (χ p1

,...,χpk
), 

be a multivariate function of  L2(Rk, fX ;pii=1
k∏ ) with 

rk =  dχp fX ;pii=1
k∏ θ 2(χp)∫ < ∞  , in which case one can write 

fX ;p = f (χ p1
,...,χ pk

) = [ fX ;pii=1
k∏ ]θ(χ p). (1)

Next, let ϖ j i
(χ pi

) be complete sets of polynomials 

of degree ji = 0,1,… in  L2(R1, fX ;pi
) that are orthonormal 

with respect to fX ;pi. Then, one can write the factora 
function as 

 θ(χ p) = [ ]ji =0
∞∑i=1

k∏ (θ j1 ...jk
ϖi=1

k∏ j i
(χ pi

))=θX ;{ pi } (2)

where the coefficients  θ j1 ...jk
 satisfy the corresponding 

completeness relationship  [ ]θ j1 ...jk

2
j i =0
∞∑i=1

k∏ = rk  (assures 
that the series expansions converges). Accordingly, 
the Mv-pdf (1) reduces to (Christakos, 1986; 1992)

fX ;p = [ fX ;pii=1
k∏ ]θX ;{ pi } . (3)

Eq. (3) decomposes the modelling of the Mv-pdf,  fX , p

, into the product of the Uv-pdf’s (non-uniform, in 

general),  fX ;pi
, and the factoras (θX ;p =θX ;{ pi })  that ex-

press interactions between univariate functions of 
 χpi. This is an advantage of the way factoras are de-
fined over that of copulas. Also, the factoras may of-
fer a measure of the deviation of the multivariate pdf 
from the product of the univariate pdf’s. If  1}{; ≡

iX pθ , 

then  ][ 1 ;; ∏ == k
i XX i

ff pp . Departure from 1 can be seen as 
deviation from independence. In fact, Eq. (3) can be 

written as θX ;{ pi } ≡ fX ;p[ fX ;pii=1
k∏ ]−1. Hence,  E fX ;p

[logθX ;{ pi }] = 

 = E fX ;p
log{ fX ;p[ fX ;pii=1

k∏ ]−1}. This can be interpreted as 

‘mutual information’ between the χp i’s (a k-dimen-
sional extension of the usual concept of mutual infor-
mation between two r.v.’s), a measure which quanti-
fies departure from independence. (Note that similar 
quantities can be obtained in terms of Tsallis mutual 
information –dependence version–, replacing ‘log’ 
with the corresponding approximation used for Tsal-
lis entropy). An s/trf Xp that satisfies Eq. (3) is called 
factorable (of order k). 

Certain variations of the basic Eqs. (1)-(3) have been 
considered. For example, Kotz and Seeger (1991) re-
considered Eq. (1) for k = 2 and replaced the symbol 

 θX ;p1 ,p2
 with the symbol  ψX ;p1 ,p2 , which was called the 

density weighting function (dwf). The  θX ;p1 ,p2
 (or  ψX ;p1 ,p2

)  
can be determined in several ways. One of these is in 
terms of Eq. (2). In the bivariate case, Eq. (3) can be 
reduced to the Bv-pdf expansion 

fX ;p1 ,p2
= fX ;p1

fX ;p2
θ jj=0

∞∑ ϖ j (χ p1
)ϖ j (χ p2

), (4)

for all p1, p2. In this case, θX ;p1 ,p2
= θ jj=0

∞∑ ϖ j (χ p1
)ϖ j (χ p2

); 

e.g., θ0 =1, θ1 = ρX ;p1 ,p2
 and  θ jδ j ′ j = ϖ j (χ p1

)ϖ ′ j (χ p2
), with  

 ϖ0(χ pi
) =1 and  ϖ1(χpi

) = (χpi
− X pi

)σ pi

−1 for all space-time 
points. In Eq. (4) the marginals have the same form, 
and the same set of polynomials (and corresponding 
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spaces) for i = 1 and i = 2 are considered. This equation 
is simpler than Eq. (2) particularized for k = 2, since 
cross-terms (involving different polynomials) are dis-
carded, that is, θ j1 , j2

 is assumed to be 0 for j1 ≠ j2, and 

renamed just θ j for j1 = j2.
It is interesting that in Eq. (4) knowledge of lower-

order statistics is linked to the first terms of the se-
ries, whereas that of higher-order statistics is linked 
to later terms of the series. Using 1st order (Hermite, 
Laguerre etc.) polynomial expansions, Eq. (4) yields 

 fX ;p1 ,p2
= fX ;p1

fX ;p2
(1+θ1χ p1

χ p2
), which is also what one 

obtains by performing a Taylor expansion of a Bv-pdf 
around a fixed value of *

11 θθ = . An example is given in 
Sungur (1990). The approximation error depends on θ1. 
Since usually  0*

1 =θ , the approximation is satisfactory 
around the independence case, and worsens as de-
pendence increases. Another technique proposed in 
the literature is that in order to build  ψX ;p1 ,p2

 (essen-
tially,  θX ;p1 ,p2

) one can use the following dwf represen-
tation (Long and Krzysztofowicz, 1995) 

 θX ;p1 ,p2
=ψX ;p1 ,p2

=1+ λω(FX ;p1
(χ p1

),FX ;p2
(χ p2

)) (5)

where ω is called the “covariance characteris-
tic” and l the “covariance scaler.” Using Eq. (4) 
the ω can be expressed in terms of the expansion 
 λω = θ jj=1

∞∑ ϖ j (χ p1
)ϖ j (χ p2

). Other authors (de la Peña et 
al., 2006) have extended the work of Kotz and Seeger 
(1991) and Long and Krzysztofowicz (1995) in a mul-
tivariate setting so that Eq. (5) can be generalized as 
follows

 θX ;{ pi } = [1+UX ;{ pi }] (6)

where  UX ;{ pi } = c=2
k∑ si1 ...iC (χ p1

...χ pC
)1≤i1<...<ic≤ik

∑ , and the  
 si1 ... iC satisfy three general conditions (integrability, 
degeneracy, and positive definiteness). 

A key step in Eq. (4) is to calculate ϖj that are or-
thogonal with respect to a univariate pdf. There ex-
ist several methods for this purpose, where the ϖj 
include Hermite, Laguerre, Generalized Laguerre, 
Legendre, Gegenbauer, Jacobi, and Stieltjes-Wigert 
polynomials (e.g., the Gaussian, Gamma, or Pois-
son Uv-pdf is associated with Hermite, Laguerre, or 
Charlier polynomials). In Eq. (4) one needs to de-
fine factoras  θX ;{ pi } with the prescribed mathemati-
cal properties and associated complete sets of or-
thogonal polynomials (the difficulty increases with 
k > 2). For this purpose, a widely applicable method 

is based on the formula, ϖ j (χpi
) = fX ;pi

−1 d j

dχ pi
j [υ(χpi

) j fX ;pi
] , 

where  υ(χ pi
) is a function that satisfies specific condi-

tions (Christakos, 1992). This formula has been used to 
find the  ϖ j (χ) for a wide range of continuous functions 
fX (χ), including the Gaussian, exponential, and Pearson 

(Type I). For illustration, if fX ; pi
= 1

2π
e χp i

2 / 2 (−∞ ≤ χ pi
≤ ∞ ), 

the  ϖ j = Ha( j ) are Hermite polynomials, and the bi-

variate factora is  θX ;p1 ,p2
= ρX

a( j )
j=0
∞∑ Ha( j )(χ p1

)Ha( j )(χ p2
), 

where  θ j = ρX
a( j ) and ρX is a correlation coefficient. For 

a(j) = j, the  fX ; p1 ,p2  is a bivariate Gaussian density; but 

for a(j) = 2j, the  fX ; p1 ,p2  is non-Gaussian (Christakos, 
1992: 162-164). This is not surprising, since to a given 
Uv-pdf one may associate more than one Bv-pdf. Many 
other examples are found in the cited literature. 

If Xp is a factorable s/trf field, and  φ(⋅)  is a strictly 

monotonic function, the random field Z p = φ(X p)  is 
also factorable. This means that starting from known 
classes of factorable fields Xp, new classes Zp can be 
constructed using different kinds of  φ(⋅) . The Bv-pdf is 
written as 

fZ ;p1 ,p2
= fZ ;p1

fZ ;p2
θ jj=0

∞∑ ϖ j [φ
−1(ζ p1

)]ϖ j [φ
−1(ζ p2

)]. (7)

In other words, the structure of the factora is pre-
served under strictly monotonic transformation (as in 
the copula framework). In Eq. (7), the values of the 
parameters θj change, see also below since they have 
to be computed on the transformed attribute. Another 
interesting property of the factora model is that it sat-
isfies the relationship

 d∫ χ p1
(χ p1

− X p1
) fX ;p1 ,p2

= cX ;p1 ,p2
σX ;p2

−2 (χ p2
− X p2

) fX ;p2
, (8)

for all p1, p2. As a matter of fact, Eq. (8) is valid for s/trf 
classes other than factorable (Christakos, 2010). In the 

special case that X pi
= X = µ  and  fX ; pi

= fX (for all pi), 
Eq. (8) reduces to a more tractable form, 

 d∫ χp1
(χp1

− µ) fX ;p1 ,p2
= ρX ;h,τ (χp2

− µ) fX , (9)

 h =| s1 − s2 | and  τ =| t1 − t2 |. A direct consequence of (9) 
is, 

 X p1
X p2

m = ρX ;h,τ X p2

m+1 −µ(ρX ;h,τ −1) X p2

m , (10)

i.e., a higher-order, two-point dependence is conven-
iently expressed in terms of one-point functions. Yet 
another interesting property of the factoras is that 
they generate estimators of nonlinear state-nonlinear 
measurement systems that can be superior to those 
of the Kalman filter (Christakos. 1989, 1992). For ex-
ample, the Kalman filter estimates include only linear 
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correlation, whereas the factora estimates include lin-
ear and nonlinear correlations; also, the Kalman filter 
is limited to the estimation of lower-moments (mean 
and variance), whereas the factora estimator can pro-
vide lower- and higher-order moments. 

Copula Mv-PDF Modelling

In general, any continuous Mv-pdf can be written in 
terms of the so-called multivariate copula function 
(Sklar, 1959; Genest and Rivest, 1993; Nelsen, 1999), 

 FX ;{ pi } =CX (FX ;p1
,...,FX ;pk

) = PX [FX ;p1
≤υ p1

,...,FX ;pk
≤υ pk

] =CX ;{ pi }(υ p1
,...,υ pk

)

 FX ;{ pi } =CX (FX ;p1
,...,FX ;pk

) = PX [FX ;p1
≤υ p1

,...,FX ;pk
≤υ pk

] =CX ;{ pi }(υ p1
,...,υ pk

),
(11)

where  FX ;{ pi } =CX (FX ;p1
,...,FX ;pk

) = PX [FX ;p1
≤υ p1

,...,FX ;pk
≤υ pk

] =CX ;{ pi }(υ p1
,...,υ pk

) are univariate conditional probability distri-
butions (Uv-cdf’s), and  FX ;{ pi } =CX (FX ;p1

,...,FX ;pk
) = PX [FX ;p1

≤υ p1
,...,FX ;pk

≤υ pk
] =CX ;{ pi }(υ p1

,...,υ pk
) are realizations of uniformly 

distributed random fields   U pi
= FX ; pi

−1 ~ U(0,1), i =1,...,k . 
Thus, a copula is an Mv-cdf with uniform marginals. 
Otherwise said, any Mv-cdf with support on [0,1]k and 
uniform marginals has been termed a copula (Miko-
sch, 2006a). The corresponding multivariate copula 
density  ς X ;{ pi } is defined by  ςX ;{ pi }dυ = dCX ;{ pi } (assuming 
copula continuity and differentiability). Since continu-
ous functions are assumed, the  fX , p is reformulated 
in terms of its Uv-pdf’s and the multivariate copula 
density as

 fX ;p = fX ;{ pi } = [ fX ;pii=1
k∏ ]ς X ;{ pi }. (12)

Eq. (12) basically decomposes the Mv-pdf ( fX ,p ) into 
the product of the Uv-pdf’s ( fX ; pi

) and the multivariate 
copula density ( ς X ;{ pi }) that expresses a certain form 
of interaction between Uv-pdf’s. It is argued that this 
decomposition may offer some modeling flexibility. 
Several assumptions about the shape of the copula 
density are made, including the elliptic, the Archime-
dian, the Marshal-Olkin, the Pareto, the Gaussian and 
the t-copulas. In other words, assumption about the 
shape of the Mv-pdf has been replaced by assump-
tions concerning the shapes of the Uv-pdf’s and the 
copula density. The proponents of the copula ap-
proach seem to claim that a copula density can be as-
sumed in a more rigorous and realistic manner than 
a Mv-pdf, although critics have argued that there is 
no logical reason for choosing one copula over the 
other. Instead, one purely makes such decision based 
on mathematical convenience. Also, it must be kept 
in mind that a suitable copula should be chosen as 
well as the corresponding Uv-pdf’s. In other words, 
assuming a priori a Gaussian copula is like assuming 

Gaussian marginals without any theoretical reason or 
empirical evidence (Christakos, 1992).

As is the case with all technical apparatuses, the 
copula technology has its pros and cons. Basically, 
copula is yet another tool to estimate non-Gaussian 
Mv-pdf’s, which is suitable for some applications, but 
not for some others (Joe, 2006). Eq. (12) makes it pos-
sible to separate modelling multivariate dependent 
models into two parts: fitting unidimensional margin-
al distributions, and fitting joint dependence across 
marginal cdf’s. However, Eq. (12) may increase cali-
bration errors due to the extra step in estimation. Un-
der certain conditions, copulas yield useful paramet-
ric descriptions of non-Gaussian Mv-pdf (Scholzel and 
Friederichs, 2008). Copula technology has the flexibil-
ity for modelling a multivariate distribution given dif-
ferent marginal behaviors. This technology may help 
avoid misspecification of the marginal distributions 
and focus directly on the dependence structure. Copu-
las are scale-invariant in the sense that the copula of 

Z p = φ(X p) is equal to the copula of Xp if  φ(⋅)  is a strictly 
monotonic function. This property is particularly rel-
evant for financial research. Since copulas are simply 
joint probability distributions with uniform margin-
als, the above representations (5)-(6) can be also ap-
plied to them. On the other hand, one should keep 
in mind that the copula technology mainly applies 
to continuous-valued attributes so that the margin-
als are uniform according to the so-called probability 
integral transform theorem. No general approach ex-
ists to construct the most appropriate copula for an 
attribute, whereas the choice of a copula family for an 
in situ problem is often based not on substantive rea-
soning, but on mathematical convenience (Mikosch, 
2006a and b). If construction methods are available 
for componentwise maxima, not unique approaches 
can be established for a set of attributes that are not 
all extremes. This is also the case of univariate analy-
sis, where distribution functions are usually chosen 
on the basis of theoretical observations and good-
ness-of-fit criteria. Direct interpretation of the copula 
alone does not offer insight about the complete sto-
chastic nature of the attribute and there is no depend-
ence separately from the marginals. Also, copulas do 
not solve satisfactorily the dimensionality problem 
(Scholzel and Friederichs, 2008). Interpretive issues 
concerning the copulas’ in situ applications emerge 
too. There are many real world attributes that are not 
continuous-valued but rather discrete- or mixed-val-
ued (e.g., daily rainfall), which means that the integral 
transform theorem (on which the copula technology 
of continuous variables relies) cannot be implement-

ed, since the  FX ;pi
 are no longer uniformly distributed 
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on the interval (0,1), thus giving rise to so-called uni-
dentifiability issues (Genest and Nešlehová, 2007). In 
this respect, although copulas can be used in simu-
lation and robustness studies, they have to be used 
with caution because some properties do not hold in 
the discrete case. Attracted by the possibility to select 
arbitrary marginals, analysts sometimes forget that 
a suitable copula should be chosen as well as mar-
ginals. As defined, copulas are “static” dependence 
measures, that is, they are only snapshots of compo-
nents’ marginal distributions at a specific time. It is 
then futile to try to obtain the marginal distributions 
of dependent time series models, so copulas fail in 
time dependent structures.

Copulas can be directly related to factoras. Let us 
start with a s/trf Xp  having an absolutely continu-

ous Bv-cdf  FX ;p1 ,p2
 and the corresponding Bv-pdf 

 fX ;p1 ,p2
= fX ;p1

fX ;p2
θ(χ p1

,χ p2
). If we define 

 FZ ;p1 ,p2
(ζp1

,ζp2
) =  FX ;p1 ,p2

(FX ;p1

−1 (FZ ;p1
(ζp1

)),FX ;p2

−1 (FZ ;p2
(ζp2

)))
 FZ ;p1 ,p2

(ζp1
,ζp2

) =  FX ;p1 ,p2
(FX ;p1

−1 (FZ ;p1
(ζp1

)),FX ;p2

−1 (FZ ;p2
(ζp2

))),
(13)

the  FZ ;p1 ,p2
 is a Bv-cdf of  (ζ p1

,ζ p2
) with marginals (Uv-

cdf’s)  FZ ;p1
 and  FZ ;p2

. Let FX ;p1
, FX ;p2

, FZ ;p1
 FZ ;p2 and FX ;p1

, FX ;p2
, FZ ;p1

 FZ ;p2
 be 

absolutely continuous functions with Uv-pdf’s  fX ;p1 
, 

fX ;p2
, fZ ;p1

 
 and  fZ ;p2. Then, the Mv-pdf of the S/TRF Zp  

is given by 

 fZ ;p1 ,p2
(ζp1

,ζp2
) =  fZ ;p1

(ζp1
) fZ ;p2

(ζp2
)θ(FX ;p1

−1 (FZ ;p1
(ζp1

)),FX ;p2

−1 (FZ ;p2
(ζp2

)))
 fZ ;p1 ,p2

(ζp1
,ζp2

) =  fZ ;p1
(ζp1

) fZ ;p2
(ζp2

)θ(FX ;p1

−1 (FZ ;p1
(ζp1

)),FX ;p2

−1 (FZ ;p2
(ζp2

))).
(14)

This implies that if FX;p1,p2
 is a Bv-cdf with margin-

als  FX ;p1
 and  FX ;p2

 and factora  θ(χ p1
,χ p2

), then the 

 θ(FX ;p1

−1 (υ p1
),FX ;p2

−1 (υ p2
)) is also a Bv-pdf in [0,1]2 with 

uniform Uv-pdf’s, i.e. a bivariate copula function 

 ς(FX ;p1

−1 (υ p1
),FX ;p2

−1 (υ p2
)). 

Now consider a Bv-pdf  FZ ;p1 ,p2
 with arbitrary mar-

ginals  FZ ;p1
 and  FZ ;p2

. We can apply a suitable strictly 

monotonic function φ(.) such that  ζ pi
= φ(χ pi

) . To en-
sure that the transformed attributes follow the de-
sired marginals the simplest method may be to set up 

 φ(⋅) = FZ ;pi

−1 (FX ;pi
(⋅)) (under the hypothesis of continuous 

functions). Then, Eq. (8) leads to 

 fZ ;p1 ,p2
= fZ ;p1

fZ ;p2
θ jj=0

∞∑ ϖ j [FX ;p1

−1 (FZ ;p1
(ζ p1

))]ϖ j[FX ;p2

−1 (FZ ;p2
(ζ p2

))]

 fZ ;p1 ,p2
= fZ ;p1

fZ ;p2
θ jj=0

∞∑ ϖ j [FX ;p1

−1 (FZ ;p1
(ζ p1

))]ϖ j[FX ;p2

−1 (FZ ;p2
(ζ p2

))],
(15)

where  ζpi
= φ(χ pi

) = FZ ;pi

−1 (FX ;pi
(χ pi

)) and ζpi
= FZ ;pi

−1 (FX ;pi
(χ pi

))
 

ζpi
= FZ ;pi

−1 (FX ;pi
(χ pi

)) imply  χpi
= φ−1(ζpi

) , and χ pi
= FX ;pi

−1 (FZ ;pi
(ζpi

)), 
respectively; and the combination of the two yields 

 φ−1(ζpi
) = FX ;pi

−1 (FZ ;pi
(ζpi

)). In other words,  φ(⋅) ,  FX ;pi
 and  

 FZ ;pi  
are linked: if we apply an arbitrary function  φ(⋅)

without knowing the corresponding  FZ ;pi
, it is not pos-

sible to build a Bv-pdf with known marginals, where-

as if we seek a Bv-pdf with specified marginals  FZ ;pi
, 

this is possible by letting  φ(⋅) = FZ ;pi

−1 (FX ;pi
(⋅)). Moreo-

ver, on the basis of the above analysis it follows that 

 θ jj=0
∞∑ ϖ j [FX ;p1

−1 (υ p1
)]ϖ j[FX ;p2

−1 (υ p2
)] is a Bv-pdf with uni-

form Uv-pdf’s in [0,1]2, namely, a copula density. By 
means of factoras, we can build Bv-pdf with equal 
non-uniform marginals and apply monotone transfor-
mations to change the marginals. However, in doing 
so we pass implicitly through copula representation. 

Substantive Construction-The BME Method 

Experience shows that the consequences of using 
the wrong pdf in real world situations can be severe, 
which is why substantive modelling incorporates in 
the pdf derivation as much physical knowledge as pos-
sible (Christakos, 1992, 2010). As such, the substantive 
approach of constructing Mv-pdf adopts a definite sci-
ence-based viewpoint. A prime source of substantive 
knowledge is provided by natural laws and scientific 
theories (Savelieva et al., 2005; Yu et al., 2007a). This is 
core knowledge that should be used in the derivation 
of the Mv-pdf models, which is a definite advantage of 
substantive model construction (e.g., prior probabil-
ity problems of the so-called objective and subjective 
Bayesian analyses can be avoided). 

To illustrate the difference between a formal and a 
substantive approach consider the very simple situ-
ation occurring in real world problems that involves 
the physical condition  X p2

> X p1
 (e.g., the event rain-

fall depth and the corresponding critical depth used in 
the depth-duration-frequency curves). In this case, the 

strategy is to write X p2
= X p1

+ ε , where e is a positive 
variable, and to model the joint distribution of  X p2

> X p1
 and 

e. In this example, the physical bound is well-defined 
a priori. However, it points out that possibly complex 
and unknown physical relationships can occur in situ 
and need to be incorporated in pdf model building.

In light of the above considerations, Christakos 
(1990, 2000) presented a general knowledge syn-
thesis framework for constructing Mv-pdf in a man-
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ner that incorporates the general or core knowledge 
base, G-KB (consisting of natural laws, theoretical 
models, scientific theories, empirical relationships) 
and specificatory knowledge base, S-KB (site-specific 
knowledge like hard data, uncertain information, sec-
ondary sources) of the in situ situation. A well-known 
knowledge synthesis approach is Bayesian maximum 
entropy (BME). The BME based construction of Mv-
pdf is compactly expressed in Eqs (16)-(17) below. In 
real world applications the S-KB is available at the set 
of points  pD = (pH , pS ), where pH : pi  ( i =1,2,...,mH) and 
pS pi  ( i = m: H +1,..., m)  are the set of points where hard 
(exact) measurements and soft (uncertain) data are 
available, respectively;  pG = (pD, pk ) is the set of points 

where G-KB is available; and  pk = (pk1
, ..., pkρ ) is the set 

of points of the Mv-pdf, i.e. (Yu et al., 2007a), 

 fX ;pk
= A−1 dχ Sξ S∫ e µG gG

T

, (16)

where A is a normalization parameter gG is a vector 
with elements representing the G-KB (including the 
natural law); mG is a space-time vector with elements 
that assign proper weights to the elements of gG and 
are the solutions of the system of equations 

 dχG∫ (gG − gG )eµG gG
T

= 0 , (17)

and ξS represents the S-KB available. Eq. (16) intro-
duces a process of integrating S with G in a physi-
cally and logically consistent manner. Eq. (16) 
accounts for local and non-local attribute depend-
encies across space-time. The above are noticeable 
advantages of the knowledge synthesis method of 
pdf building.

Let us consider some analytical examples of Mv-pdf 
building using Eqs. (16)-(17). Assume that G-KB inclu- 

des the theoretical mean  XG = (X p1
,...,X pm

, X pk1
, ...,X pkρ

)  

and (centered) covariance  c pG
= (XG − XG )(XG − XG )T  

models; and S-KB includes hard data at points  pH and 
soft data of the interval type at points  pS. Then, the 
Mv-pdf (16) is (Christakos, 2000) 

fX ;pk
= A−1ϕ(χ k;Βk|HχH ,ck|H ) dχSl−Bs|kH χ kH

u−Bs|kH χkH∫ ϕ(χS;0,cS|kH )

fX ;pk
= A−1ϕ(χ k;Βk|HχH ,ck|H ) dχSl−Bs|kH χ kH

u−Bs|kH χkH∫ ϕ(χS;0,cS|kH ) ,
(18)

where  χ kH = (χ k ,χH ) , Βk|H = ck, H cH , H
−1 , ck|H = ck,k −Βk|H cH , k , ΒS|kH = cS, kH ckH , kH

−1   
Βk|H = ck, H cH , H

−1 , ck|H = ck,k −Βk|H cH , k , ΒS|kH = cS, kH ckH , kH
−1   , cS|kH = cS, S −ΒS|kH ckH , S , l = (lmH +1,...,lm ) , 

and u = (umH +1,...,um) ; the  ϕ(χ; x,c)  denotes a Gaussian 
distribution with mean vector x and covariance ma-

trix c; and  A = dχSl−Bs|H χH

u−Bs|H χH∫ ϕ(χS;0,cs|H ) . Next, assume 

that the G-KB is as above, whereas the S-KB includes 
hard data at points pH and soft data of the probabi-
listic type at points pS. In this case, the Mv-pdf (16) 
reduces to 

 fX ;pk
= A−1φ(χ k;Βk|HχH ,ck|H ) dχ S fH (χ S )φ(χ S;Βs|kHχ kH ,cS|kH )∫

 fX ;pk
= A−1φ(χ k;Βk|HχH ,ck|H ) dχ S fH (χ S )φ(χ S;Βs|kHχ kH ,cS|kH )∫ .

(19)

where A = dχS fS (χS )φ(χS;Βs|H χH , cs|H )∫ . 

Simulation Studies

Within a space (two spatial dimensions) × time do-
main of size [0, 1]2 x 3 consider a homogeneous geo-
logical attribute Xp, p = (s, t), where  s = (s1, s2). The Xp has 
a spatiotemporally constant mean of Xp = 5 units and a 
space-time separable covariance function of the form 
 cX (r, t) = c0e

−3r / ar e−3t 2 / at
2

 with  [c0, ar, at ] = [1, 0.5, 1] (in suit-
able units). Ten soft (uncertain) attribute data are dis-
tributed as shown in Fig. 1. These uncertain data fol-
low Gamma distributions with different parameters, 
as displayed in Fig. 2. The three methods discussed 
in the preceding sections are used to estimate the at-
tribute pdf at the unmonitored space-time location 
(0.4, 0.5, 2), see Fig. 1. 

Figure 1. Space-time map of the data and estimation locations used 
in the simulation study.
Figura 1. Estadísticas de los fdp‘s marginales estimadas en la 
localización no observada.
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Factora-based spatiotemporal estimation 

According to Eq. (7), the multivariate attribute distri-
bution can be expressed in terms of a factora and the 
corresponding univariate distributions. In this simula-
tion study, the Eq. (7) of the associated random field  
Zs is rewritten as 

 fZ ; p, ′ p = fZ ;p fZ ; ′ p θ j (h,τ)j=0
∞∑ ϖ j[φ

−1(z p)]ϖ j[φ
−1(z ′ p )], (20)

where the coefficients  ),( τθ hj  are functions of the 
spatial and temporal distances between attribute lo-
cations; due to the Gaussian assumption of the uni-
variate distributions, the ϖj are normalized Hermite 
polynomials of degree j. As discussed before, φ is 
a monotonic increasing transformation such that 

)( pp XZ φ=  where )(1
pZ−φ  is standard Gaussian. The 

coefficients θ j (h, τ)  generally express covariance 
functions among orthogonal polynomials of each de-

gree, i.e.  )])([)],([(),( 11
pjpjZj zzch ′

−−= φϖφϖτθ . In the case 

of normalized Hermite polynomials,
 
 j

Zj hh )],([),( τρτθ =  
where  ),( τρ hZ  denotes the corresponding correlation 
function. A special case of factora analysis is the spa-
tial estimation technique of disjunctive kriging that in-
volves orthogonal polynomials of the attribute rather 
than the original attribute itself (Olea, 1999). Indicator 
kriging (Emery, 2006) can be also used in the univari-
ate analysis at location sk as follows 

 FZ (zk ) =ϕ0,z + ϕ j,zj=1
∞∑ [ λiϖ j (φ

−1(z pi
))i=1

n∑ ], (21)

where  ϕ j ,z are the factora coefficients of the associated 
indicator spatial random field with threshold zk, and li 
are kriging coefficients. As is the case with many indi-
cator analysis results,  FZ (zk )  is just a pseudo-cumula-
tive distribution function (cdf) in the sense that  FZ (zk )  
may not be a no-decreasing function. In the present 
simulation study, only the first hundreds polynomials 
in Eq. (21) are used for the calculation of  FZ (zk ) . The 
truncation effect is relatively low in this case. 

Copula-based spatiotemporal estimation

Copula analysis (Section III) also provides a way to 
specify separately the spatial dependence structure 
and the univariate marginal distribution of an Mv-pdf. 
In this case study, since the underlying random at-
tribute field is characterized by its covariance matrix 
R, the corresponding copula is Gaussian and the Mv-
pdf (12) reduces to 

fZ ; p1 ,...,pn
= | R |−

1
2 e−

1
2 u T R−I( )u 1

σ i
i=1
n∏ ϕ(ui) , (22)

where ϕ is the standard Gaussian pdf,  upi
= Φ−1(FZ (z pi

)), 
Φ denotes the standard Gaussian cdf, and FZ(zpi ) is the 
marginal cdf of Zp at each pi, which is non-Gaussian, 
in general. Spatiotemporal estimation of the marginal 
pdf at an unknown location pk can be made in terms 

Figure 2. The space-time pdf’s of the soft data in the simulation study.
Figura 2. fdp‘s espacio-temporales de los datos blandos en el estudio de simulación.
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of the indicator kriging technique (Kazianka and Pilz, 
2010a), as follows 

 FZ (zk ) = λii=1
n∑ I(Z pi

< zk ) = λii=1
n∑ FZ (Z pi

< zk ), (23)

where li are indicator kriging coefficients with the cor-
responding semivariogram derived in terms of copu-
las as follows,

γZ ; pi ,p j
(zk, zk ) = Cθ (FZ ; pi

(zk ), FZ ; p j
(zk ))− FZ ;pi

(zk )FZ ; p j
(zk )

γZ ; pi ,p j
(zk, zk ) = Cθ (FZ ; pi

(zk ), FZ ; p j
(zk ))− FZ ;pi

(zk )FZ ; p j
(zk ).

(24)

In the case of Gaussian copulas, the copula functions 
can be estimated as follows

Cθ (FZ ; pi
(zk ), FZ ; p j

(zk )) = Φρ(h,τ )(Φ
−1(FZ ; pi

(zk )),Φ−1(FZ ; p j
(zk )))

Cθ (FZ ; pi
(zk ), FZ ; p j

(zk )) = Φρ(h,τ )(Φ
−1(FZ ; pi

(zk )),Φ−1(FZ ; p j
(zk ))),

(25)

where  ),( τρ hΦ  denotes the standard bivariate Gaussian 
cdf with correlation function  ),( τρ h . 

BME-based spatiotemporal estimation

In this simulation study, the space-time separable 
covariance function is part of the general knowledge 
base (G-KB) available concerning the attribute Xp, in 
which case the G-based pdf is Gaussian. The S-KB in-
cludes the three uncertain data with Gamma distribu-
tions. In the knowledge synthesis context, the opera-
tional BME method described in Section IV above was 
used to update the posterior pdf at any locations of 
the space-time study domain. According to BME, the 
problem of defining an appropriate Mv-pdf should be 
tackled by exploiting all sources of knowledge, and 
synthesizing them in a coherent framework (Vyas et 
al., 2004; Akita et al., 2007; Yu et al., 2007b). 

Discussion

In general, the implementation of the factora- and cop-
ula-based estimation techniques requires knowledge 
of the univariate pdf’s at different times and locations 
across the entire study area. Since this information 
is not available, in most case studies (including the 
present one) the univariate pdf’s are assumed to be 
Gaussian (which is also the maximum entropy pdf giv-
en the attribute mean and covariance). Hermite poly-
nomials, Gaussian copulas, and Gaussian univariate 
attribute distributions are used by the factora, copula, 
and BME analysis, respectively. As mentioned earlier, 
for the technical details of these three methods the in-
terested readers are referred to the relevant literature 
(e.g., Christakos, 1990, 1992, 2000; Bardossy and Li, 

2008; Serinaldi, 2008, 2009; Kazianka and Pilz, 2010a, 
b; Song and Singh, 2010a, b) and references therein. 
In addition, the present simulation study used the 
mainstream ordinary kriging method (OK; Olea, 1999), 
which assumed “harden” soft data (i.e., the mean val-
ue of the soft datum was used at each location). 

Although the true pdf at the space-time estimation 
point pk is not available for direct comparison with the 
pdfs obtained by the above methods, some general ob-
servations were made under the given study conditions. 
The pdfs at pk were calculated using the four methods. 
The pdfs are plotted in Fig. 3 and the summary statis-
tics of the simulations are listed in Table 1. Interestingly, 
the methods lead to different pdfs at pk. As expected, in 
the case of OK the skewness is zero (reflecting the un-
derlying Gaussian law). The pdf at the estimation point 
obtained by factora analysis (combined with indicator 
kriging) has the smallest std deviation. However, nega-
tive pdf values are obtained (Fig. 3) due to the indica-
tor kriging feature to generate pseudo-pdf rather than 
a formal pdf (Emery, 2006), which could make estima-
tion dubious. The negative values in the estimation 
pseudo-pdf, e.g., have the effect of changing the sign 
for zp values approximately in the range [6.5, 8.2]. This 
issue also emerges in Table 1. Factora estimation statis-
tics are affected by the small interval of negative val-
ues in the estimated pseudo-pdf: the mean is smaller 
since it is “attracted” down towards zero by the nega-
tive values; the std deviation is underestimated since 
the corresponding squares are computed negatively; 

Figure 3: The marginal pdf’s at the space-time estimation point 
obtained by the factora, copula, BME, and OK (ordinary kriging) 
methods (Zk is the estimation value at the estimation location).
Figura 3. fdp‘s marginales en el punto de estimación espacio-
temporal obtenidos por los métodos de fáctoras, copulas, BME, KO 
(Krigeado ordinario) (Zk es el valor de estimación en la localización 
de la estimación).
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and the skewness is also distorted at pk (negative es-
timation skewness, although all soft data had positive 
skewness). Accordingly, estimation statistics (based on 
a pseudo-pdf) should be interpreted with caution. 

One notices that the space-time estimation means 
obtained by the copula and BME methods are similar 
(about 4.5 and 4.4, respectively; Table 1). Since they ac-
count for soft (uncertain) information, the copula- and 
BME-based estimates experience higher uncertainty 
than the OK estimate that accounts only for hard data. 
BME analysis provides more informative space-time es-
timation than the copula method, in terms of smaller std 
deviations. In addition, the operational Bayesian frame-
work of BME analysis generates a realistic pdf at the es-
timation point, unlike the pseudo-pdfs obtained by the 
factora and copula methods that used indicator kriging. 

The space-time factoras, copulas and BME meth-
ods can be used, inter alia, to generate realistic non-
Gaussian simulations of environmental processes 
(e.g., rainfall assessment, climate and watersheds) 
and to estimate extreme geohydrological values (e.g., 
droughts and hazards). On the other hand, under the 
mainstream statistics assumptions (normality, linear-
ity, space-time separation etc.), geoscientific studies 
of the above kind can yield unrealistic results. 

Conclusions

This work presented three different space-time meth-
ods to account for in situ realities encountered in 
many geoscientific applications (non-Gaussian uncer-
tain information, nonlinear estimation and composite 
space-time domain). In a nutshell, underlying both the 
copula and factora technologies is the basic idea of 
replacing an unknown entity (original Mv-pdf) with 
another unknown entity (factora or copula), which 
is supposedly easier to infer from the available data 
and manipulate analytically. Whether this is actually 
a valid claim of practical significance depends on a 
number of technical and substantive issues, some of 
which were touched upon in this work. 

In technical terms, a prime advantage of the copula 
technology is its analytical tractability, although this 
is mainly valid in low dimensions (2-4). While factoras 

involve infinite series that have to be truncated, many 
copulas are available in a closed-form. This comes at 
the cost of some restrictive assumptions, such as low 
dimensionality, uniform marginals, and the applica-
bility of the integral transform theorem. Attempts to 
involve transforms of uniform marginals are rather ad 
hoc and can add considerable complexity to the proc-
ess. Potential advantages of factoras include the elimi-
nation of restrictive requirements (uniform marginals, 
integral transform theorem, etc.), and the rich classes 
of pdfs derived by taking advantage of the Φ-property 
and generalization formulas. The functional form of 

 θX ;{ pi } is explicitly given in terms of known polynomi-
als, whereas the explicit form of ςX ;{ pi } is generally un-
known and needs to be derived every time. Numerical 
simulations show that the pdf models generated by 
the three methods differ from each other. There are 
certain reasons for this. For example, factoras and 
copulas use different pdf expansions. The methods 
use different spatiotemporal estimation techniques: 
factora analysis is combined with indicator kriging, 
whereas BME does not make such an assumption. 
Also, the three methods incorporate the available KBs 
in different ways. Last but not least, the form of the 
underlying estimators also differ from one method to 
the next. OK uses a linear estimator, whereas the BME 
space-time estimator can be nonlinear, in general. 
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